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5.4.1Integrating Special Functions ,

Your notes

Integrating Trig Functions
How dolintegrate sin, cos and 1/cos??

= The antiderivatives for sine and cosine are

jsinxdx=—cos x+c

fcos xdx=sin x+c¢c

where € is the constant of integration

= Also, from the derivative of tan x

1
f—2 dx=tan x+c¢
COoS- X

Allthree of these standard integrals are in the formula booklet
Forthelinear function 8Xx + b,where dand bare constants,

1
fsin (ax+b) dx= ~ cos (ax+b)+c

1
fcos (ax+b) dx=;sin (ax+b)+c

f L dx=1tan(ax+b)+c
cos2 (ax +b) a

For calculus with trigonometric functions angles must be measured in radians
= Ensure you know how to change the angle mode onyour GDC

©O Examiner Tip

= Make sure you have a copy of the formula booklet during revision but don't try to remember
everythingin the formula booklet
= However, do be familiar with the layout of the formula booklet
= You'llbe able to quickly locate whateveryou are after
= Youdonotwant to be searching every line of every page!
= Forformulae you think you have remembered, use the booklet to double-check
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@ Worked example ,

Your notes
a) Find, in the form F(X) + ¢, anexpression foreachintegral

i f cos x dx
1

i. f - dx

2 -
cos” |3x
( 3 )

CoS ¢ dx = Sin X +¢

\
cos \Bx - %)

A = '!3‘+an (33:.'1—%) +C

k\_ine&r %JGC‘HOP. ax+\3>

. ( T[\ The curve
b) Acurvehasequation y = 2s1n\2x+ gj dX-passes through

the pointwith
TU
coordinates (?, A/ 3).

Find an expressionfor y.
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y: Rjginum*-‘g) doc

y 2[- ﬁCoeux*r%Sj tc

Rt x'—_[}d'—\@, J"‘--Cc‘st:!—w+1r-)+c.
2

3 6
C= CDQL%)+\[—3-
c= 13
Py

ok 5: % -609(11*'?)
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Integratinge”x & 1/x ,
How do lintegrate exponentials and 1/x? Your notes

» The antiderivativesinvolving €% and In xare

fex dx=eX+¢

1
f— dx=In|x|+¢
x

where Cis the constant of integration

= These are givenin the formula booklet
= Forthelinear function (3X+ b),where a and bare constants,

fe"”“‘b dx= lea’“‘b +c
a

f#d —llnl +b| +
ax+b X_a ax ¢

= |t follows from the last result that

a
fm dx—]nlax+b|+c

= which canbe deduced using Reverse Chain Rule
= WithlIn, it can be useful to write the constant of integration, C, asalogarithm
= usingthelaws of logarithms, the answer can be written as a single term

1
. f; dx= ]n|x| +1nk=]nk|X|wherekisaconstant

= Thisis similarto the special case of differentiating In (ax + b) when b=0

©O Examiner Tip

= Whenrevising, familiarise yourself with the layout of this section of the formula booklet, make sure
you know whatis andisn'tin there and how to find it very quickly
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@ Worked example

3
3x+2

A curve has the gradient function f(X) = +etx,

Given the exactvalue of f(l) is In 10— €3 find an expression for f(X)

P [ (e <) o
t) ?’j 3'.1:.'\'1 e 5‘3“-1 d=xc

z 3[%\“ \3’”1\] - e.“-x +c

$1)= laro -e?', ba \3,:.\4&1\-‘&tw re=lg lo-,g
~c=lnl0-n5
C=\n L!'sg)=\n 2

o ;\x\ = I \33(:"'1\ - eth ¥ \n &
k= P 3\31‘.-\-’.1\*3“-3')

Page 6 of 40

© 2015-2024 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers

4

Your notes


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

5.4.2 Techniques of Integration ,

Your notes

Integrating Composite Functions (ax+b)
What is a composite function?

=  Acomposite functioninvolves one function being applied after another
= Acomposite function may be described as a “function of a function”

= This Revision Note focuses on one of the functions being linear - i.e. of the form 28X + b
How dolintegrate linear (ax+b) functions?

= Alinear function (of X)is of the form ax + b
= The special cases for trigonometric functions and exponential and logarithm functions are

1
fsin(ax+ b)dx= - ;cos(ax+ b)+c

1
fcos(ax +b)dx= zsin(ax +b)+c

1
fe3X+b dxz —eaX+b+ C
a

1 1
. fm dx=;1n|ax+b|+c

Thereis one more special case

1
. f(ax+b)“dx=m(ax+b)”+l+0where n€Q,n=-1

C,inall cases, is the constant of integration
Allthe above canbe deduced using reverse chainrule
= However, spotting them can make solutions more efficient

Q Examiner Tip

= Although the specific formulae in this revision note are NOT in the formula booklet
= almost all of the information you will need to apply reverse chainrule is provided
= make sure you have the formula booklet open at the right page(s) and practice using it
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@ Worked example ,

Your notes
Find the following integrals

[3(- 2x)§ dx

I’]- 3(7- 21)5,3 dx * 3J ('214-1)5‘3 dx
USina j(mu\:)ﬂ dx = '; Lmu-\:)““ +

%j“"\. Syt

[ % - 2x+7)

B]B
s I: - -?E(T-Ix) +C

1
f ) cos(3x—2) dx

I= j 5 et (3x-2) o = IEJCog (3-2) &
Dting Jc‘og (00cab) dae = 5 8in(axcab)+c

e -‘i[ la"gin k39£-2)1 +c

. I= %Sink&t-ﬁl)*'c
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Reverse Chain Rule

What is reverse chainrule?

The Chain Rule is a way of differentiating two (or more) functions
Reverse Chain Rule (RCR) refers to integrating by inspection
= spotting that chainrule would be used in the reverse (differentiating) process

How do | know when to use reverse chainrule?

Reverse chainrule is used when we have the product of a composite function and the derivative of its
secondary function
Integrationis trickier than differentiation; many of the shortcuts do not work

ef(X)

= Forexample,ingeneral fef(x) dx #

f'(x)
= However, thisresultis true if f(X) islinear (ax + b)
Formally, in function notation, reverse chainrule is used forintegrands of the form

1= [¢ (0 (e(x)) dx

= thisdoesnot have to be strictly true, but ‘algebraically’it should be
= if coefficients do not match ‘adjust and compensate’ can be used

= eg. 5x2isnot quite the derivative of 4x3
= thealgebraic part (Xz) is ‘correct’
= butthe coefficient 5is ‘wrong’

= use ‘adjust and compensate’ to ‘correct’it
Aparticularly usefulinstance of reverse chainrule to recognise is

I= f% dx=In|f(x)|+¢

= j.e. thenumeratoris (almost) the derivative of the denominator
= 'adjust and compensate' may need to be used to deal with any coefficients

= eg.

x2+1 Lo, x2+1 3x2+3 1
= =5 Y  ~ - xX=— 3+ +
1 '[X3+3X dx 3“[3X3+3X fX3+3X 31n|X 3X| C

How dolintegrate using reverse chainrule?

If the product can be identified, the integration can be done “by inspection”
= there may be some “adjusting and compensating” to do

Notice alot of the "adjust and compensate method” happens mentally
= thisisindicatedinthe stepsbelow by quote marks

STEP1
Spot the ‘main’ function
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eq. I= | x(5x2-2)6dx /
"the main functionis ( )6 which would come from ( )7” Yournotes

STEP 2
‘Adjust’ and ‘compensate’ any coefficients requiredin the integral

e.g." (... )7 would differentiate to 7( ... )6

“chainrule says multiply by the derivative of 5x2 - 2 whichis 10x”
“thereisno'7' or ‘10’ in the integrand so adjust and compensate”

1 1
- 2-9)6
I - X 10><f7><10><x(5x 2)6 dx
STEP 3

Integrate and simplify

e.g. 7 10 X C

I= 1(5 2-2)7 +
—70 X C

= Differentiation can be used as a means of checking the final answer
= Aftersome practice, youmay find Step 2 is not needed

= Do useitonmore awkward questions (negatives and fractions!)
If the product cannot easily be identified, use substitution

O Examiner Tip

= Before the exam, practice this until you are confident with the pattern and do not need to worry
about the formula or steps anymore
= Thiswill save timeinthe exam
= You can always check yourwork by differentiating, if you have time
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@ Worked example /
Your notes
Acurve has the gradient function ' (x) = 5x2sin(2x3).

Find an expression for f(X) .

fe) = j S gin(2ac®) doc
Hx)= 5 j € Sia LJOC?) dx Toke S oot 08 o Jpcter

This ic 0 produck, dmedkt inthe form q () o))
STEP 1+ Spot Yre “moin’ Junckien

* the main ?uhc‘\'ion i Sin () which wod\d

e 2: 'Qc\iuG\Z ond Compenetﬁ"e' Coecﬁic'\eﬁ\'g
"8 (...) woo\d d'\%ﬁ'\i&k@‘\'o -G.lnL--) '
Y 22 Wolld differectide o 6x

)= Gy =y & xj o Bt 20 B (295 e
T AX
Compencare odjuek
oEP 2: v eqrate ond QimP\i?b

$e)= ‘%Cos (2%) +¢
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Substitution: Reverse Chain Rule
What is integration by substitution?
= Whenreverse chainrule is difficult to spot or awkward to use thenintegration by substitution can be
used
= substitution simplifies the integral by defining an alternative variable (usually U)interms of the
original variable (usually X)

= everything (including “dx " and limits for definite integrals) is then substituted which makes the
integration much easier

How do lintegrate using substitution?

STEP1
Identify the substitution to be used - it will be the secondary functionin the composite function

So g(X) in f(g(X)) and U =g(X)

STEP 2
Differentiate the substitution and rearrange

du

—— canbe treated like afraction

dx

(i.e. “multiply by dx”to getrid of fractions)

STEP 3
Replace all parts of the integral

All X terms should be replaced with equivalent U terms, including dx

If finding a definite integral change the limits from X-valuesto U-valuestoo

STEP 4
Integrate and either

substitute X backin
or

evaluate the definte integral using the U limits (eitherusinga GDC or manually)

STEP 5

Find C,the constant of integration, if needed

= Fordefinite integrals, a GDC should be able to process the integral without the need for a substitution
= be clearabout whetherworkingisrequired ornotinaquestion
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O Examiner Tip /

Your notes
= Useyour GDC to check the value of a definite integral, evenin cases where working needs to be

shown
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@ Worked example /

Your notes
a) Find the integral

f 6x+5
(3x2+5x—1)3 dx

STEP \: \éeﬁ\‘?u“\egjng\"*d\‘m
The Compeaite Junction i (3" + 5 - l)
The secondory fundlion & thisis 3o+ 9x -\
= Leb 0= 3o +5x-|
sEP2: Oifferediide 0 ond reorTonoe

dv - 6x+5
doc
= LG::+5) doc.
STEP 3 Rep\oce M pos's oy dhe \ﬁ\'eem\
To| _6x+5  ax _ | _do
(2245x\) - )
= 0-3 do

STEPh: |n‘\'eiro‘}e ord soectitule % back e
(STEP 5 cd'heeda:\ evobd\‘;% c e odr reqU\fEA)
L= J* +c
=2

- --k3x2+5:; t) +e

2 I: -1
238+ o)

+c

Page 14 of 40

© 2015-2024 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

b) Evaluate the integral ,

f 0x+3 d Y t
our notes
(3x2+5x—1)3 .

giving your answer as an exact fractioninits simplest terms.

Nere Hhar \)ou(:ou\c\weymr 60C %:"“wt%g:ort
Qa‘\'o[\n\y e ‘k Yo dheck yoor ooewer!

x=)

E’cm 9\??30\:0&, I’j 0-3 Ao
x|
C\'\C\r\&e imite ‘{bo x=l, o= 3['1)11- SL\\-] =7
2=, 0=30)+ 5@)-1=2)
CTEP W Vo rd'fe 0o evokoa’re

A e 2]

o I: b

Wb
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5.4.3 Further Applications of Integration

Negative Integrals

= Theareaundera curve may appear fully or partially under the x-axis

= This occurs when the function f(X) takes negative values within the boundaries of the area
= The definite integrals used to find such areas

= willbe negative if the areais fully under the X -axis

= possibly negative if the areais partially under the X-axis
= thisoccursif the negative area(s) is/are greater than the positive area(s), their sum will be
negative

How do | find the area under a curve when the curve is fully under the x-axis?

y/N

y = f(x)

a b
N g

AREA R ENTIRELY UNDER x—AXIS

xV

STEP1

Write the expression for the definite integral to find the area as usual

This may involve finding the lower and upper limits from a graph sketch or GDC and f(x) may need to
berewritteninanintegrable form

STEP 2
The answer to the definite integral will be negative
Area must always be positive so take the modulus (absolute value) of it
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e.g. If I= — 36 thenthe areawould be 36 (square units)

How do | find the area under a curve when all, or some, of the curve is below the x-axis?

= Use the modulus function
= Themodulusis also called the absolute value (Abs)
= Essentially the modulus function makes all function values positive

= Graphically, thismeans any negative areas are reflected in the X -axis

YA Y/
y = |f(x)|
| MODULUS >
= - -
0 X of 71\ X
y = f(x)
"NEGATIVE AREA"
AREA BELOW x-AXIS REFLECTED IN x—AXIS
"NEGATIVE AREA" SO NOW POSITIVE

= AGDC willrecognise the modulus function
= |ook forakeyoron-screenicon that says 'Abs' (absolute value)

A= ["ylax
a

= Thisis givenin the formula booklet
STEP1

If adiagramis not given, use a GDC to draw the graphof ¥y = f(X)
If not identifiable from the question, use the graph to find the limits @ and b

STEP 2

Write down the definite integral needed to find the required area
Remember to include the modulus (] ... |) symbols around the function
Use the GDC to evaluate it
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O Examiner Tip /

Your notes
= |[f nodiagramis provided, quickly sketch one so that you can see where the curve is above and

below the x - axis and split up yourintegrals accordingly
= Youshould use your GDC to do this
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@ Worked example /
Your notes

The diagram below shows the graphof Yy = f(X) where f(X) = (X + 4)(X - 1)(X - 5).

y = f(x)

R\ P

Theregion Rl isbounded by the curve y = f(X) ,the X -axis and the y-axis.
Theregion R2 isbounded by the curve y = f(X) ,the x-axis and theline X = 3.

Find the total area of the shaded regions, R1 and Rz.
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4

GTer - G'\—QP\'} gi\leﬂ,ic\en‘\ﬂ?g lisnits Your notes
=0 [y-oxic)
b=3 (line x=3)

¢TEP2: Write down The infegrel Meouired
ond e a 60C 1o evoludte ik

3
H=Jo ‘[x+‘*§[x—\)[x-5)| doc

A= k3-166 666 ...

 A=h3-2 squore onife  (3¢F)
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AreaBetween Curve & y-axis /
What is meant by the area between a curve and the y-axis? Your notes
N /
b y = f(x)
R
a
‘v
>
0} X
b
AREA OF REGION R = g Ix| dy
a

= Theareareferredtois the region bounded by
= thegraphof y= f(X)
= the Y-axis
= thehorizontalline Yy = a

= thehorizontalline y = b
= The exactareacanbe found by evaluating a definite integral

How do | find the area between a curve and the y-axis?

= Usetheformula
b
A= ["Ixldy
a

= Thisis givenin the formula booklet
= Thefunctionis normally giveninthe form y = f(X)
= sowillneedrearranginginto the form X = g(y)

» aandb may not be given directly as couldinvolve the the X-axis (y = 0)and/oraroot of

x=g(y)

= useaGDCtoplotthe curve and findroots as necessary
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STEP1

If adiagramis not given, use a GDC to draw the graph of ¥y = f(X)

(orX= g(y) if already inthat form)

If not identifiable from the question, use the graph to find the limits @ and b

STEP 2
If needed, rearrange y = f(X) into the form X = g(y)

STEP 3

Write down the definite integral needed to find the required area

Use a GDC to evaluate it

AGDCi s likely to require the function written with ‘X" as the variable (not ‘' y”)
Remember to include the modulus (| ... |) symbols around the function
Modulus may be called ‘Absolute value (Abs)’ on some GDCs

= |ntrickier problems some (or all) of the area may be 'negative’

= thiswould be any area thatis to the left of the y'-axis (negative X values)
. |X| makes such areas 'positive’ by reflecting themin the y-axis

= aGDCwillapply |X| automatically aslong as the modulus (| ... | )jsymbols are included

O Examiner Tip

If no diagramis provided, quickly sketch one so that you can see where the curve is to the left and

right of the y - axis and split up yourintegrals accordingly
= Youshould use your GDC to do this
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@ Worked example /
Your notes
Find the area enclosed by the curve with equation ¥ =2 + 4/ X + 4 ,the y -axis and the horizontal

lines with equations Yy =3 and y = 6.
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CTEP \: GDC p\o’r Showd par‘l\‘uo\.n\ﬁ neao:\"-ue aren; Nienile g'Nen 0 queQ\T'cm
Fl"om GDC, slj? 3: 2+\rx_§:

1 x
) o| !

STeP 2: Reaﬂ"anae 3-" ‘T’(’-ﬁ) 'm'\"o = 3('3)

y 2+J1+\1~
2= (y-2) =W = oty H0et
x= by
STEP 3¢ Whte dowe iﬁ‘\'gara\; vee GOC ¥ evolodie
ﬂ: I n_\‘_b d 6
19 | &y LT:PeMnsJ | o] dx o0 0 GOC)

A= 12333 333... "N

mis\\‘C\:e "Rl

on o GoC

“A=123 sqoare onits (3 5)

The exock anaper ic 373 bt cor GDC
was na e Yo recognice he, degpr\'e
e ‘h‘:‘j\pgt uge the GXOC\:'QPP\'MWG\E
boten LQ-D)_ Thie may vary befueen
makesmodels and will be due Yo the
oloprthm weed o coleo\aie '\n'\"egf'a\g.
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Area Between a Curve and aline

= Areas whose boundariesinclude a curve and a (non-vertical) straight line can be found using
integration
= Foranareaundera curve a definite integral will be needed
= Foranareaunderaline the shape formed will be a trapezium or triangle
= basic areaformulae can be used rather than a definite integral
= usinga GDC, one methodis not particularly trickier than the other
= The total arearequired could be the sum or difference of the area under the curve and the area under

theline
SUM
y N
.--""-/-’-
0 I N Tx
a b c
SHADED | _ AREA UNDER 3 AREA UNDER
AREA a CURVE (INTEGRAL) LINE (TRIANGLE)
(a TO b) (b TO c)
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DIFFERENCE 4
Your notes
y N
>
0] X
a b C
SHADED | _ | AREA UNDER _ | AREA UNDER
AREA CURVE (INTEGRAL) LINE (TRIANGLE)
(a TO ¢) (b TO ¢)
How do | find the area between a curve and aline?
STEP1
If adiagramis not given, use a GDC to draw the graphs of the curve and line and identify the area to
be found
STEP 2

Use a GDC to find the root(s) of the curve, the root of the line, and the x-coordinates of any
intersections between the curve and theline.

STEP 3

Use the graph to determine whether areas will need adding or subtracting

Deduce the limits and thus the definite integral(s) to find the area(s) under the curve and the line
Use a GDC to calculate the area under the curve

[*1vlax
a

Remember to include the modulus (|...|) symbols around the function
Use a GDC to calculate the area under the line - this could be another definite integral or

1 1
A= Ebb foratriangleor A = Eb(a + b) foratrapezium

STEP 4
Add or subtract areas accordingly to obtain a final answer
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O Examiner Tip /

Your notes
= Addinformation to any diagram provided

= Add axesintercepts, as well asintercepts between lines and curves
= Mark and shade the areayou’re trying to find

If no diagramis provided, use your GDC to graph one and if you have time copy the sketchinto
your working
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@ Worked example ,

5 Your notes
Theregion R is bounded by the curve with equation Yy = 10x — x4 — 16 and the line with equation

y=8—x.
R lies entirely in the first quadrant.

Find the area of the regionR.
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STep1: Sketeh the 3ra9\.-. %Fom GOC p\et; idenﬁ% ofea reopired /
Your notes

9
~

© / Y}x
/
sTep2: Ooly iterseckions ore fequired (uee Goc)

Poin’ﬂ; o'i— in‘\'ef’Sec‘\‘ion afe
(3,5) ana (8.0)

o1EP 3¢ Defermine +- lienits, 'In'\-%ﬁ:ﬁg, ée
8
Areo vnder Cuﬁre=j |I01n-xl'lG| da = 100
: 2

Area veder line = 3% (8-3)%5 = %

:.ﬁreaékz \00 - 25 = 125
3 2 ¢

AreacfR= 125 squoreunite  (20-8 3cf)
6

Yoo iy %n& T i\l oaf Swe O exod onsuer
bothic code, on exoc‘\' oOSwer Wos nor demnonded

co other 2% or 208 (3cf) ic accepuble
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Definite Integrals /

What is a definite integral? Your notes

[ 100 ax=[F (1P =F(8)-F(a)

= Thisis known as the Fundamental Theorem of Calculus
= aandb are calledlimits
= aisthelowerlimit
= bistheupperlimit
f(X) is theintegrand
F(X) is an antiderivative of f(X)
= The constant of integration (“+c¢”)is not needed in definite integration
= “+c” would appearalongside both F(a) and F(b)
= subtracting meansthe “+c”’s cancel

How do | find definite integrals analytically (manually)?

STEP1
Give the integral aname to save having to rewrite the whole integral every time
If need be, rewrite the integralinto anintegrable form

1= fbf(x) dx

STEP 2
Integrate without applying the limits; you willnot need “+c”
Notation: use square brackets [ ] with limits placed at the end bracket

STEP 3
Substitute the limitsinto the function and evaluate

Q Examiner Tip

= |f aquestion does not state that you can use your GDC then you must show all of your working
clearly, howeveritis always good practice to check you answer by using your GDC if you have itin
the exam
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@ Worked example

a) Show that

4
f 3x(x2-2) dx=144
2

QTEP \: Nﬂwa Yhe in‘\'es\‘b\ and fewnite %o an h‘\'eaﬁ\'a\:.\o %\"m
Y
I=j (3x"- 6= ax
2

creP2: \ﬁ\'egra‘\‘e
T-[ 23]
swr3: Evdode
I- [%\w)”*—BW] -[i—(z)“-%zﬂ

I=w-0

b
j 3 ("= 2) = iy
F 3

b) Use your GDC to evaluate

1 5.
f Jexsinx dx
0

giving your answer to three significant figures.
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Ue'ma GOC, s

Your notes

j 3EE 4L 3eTaa57.

' Fiex
s a3 an= 361 (345
0
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5.4.4 Volumes of Revolution /

Your notes
Volumes of Revolution Around x-axis

What is a volume of revolution around the x-axis?

= Asolid of revolutionis formed when an area bounded by a function Yy = f(X)

(and other boundary equations)is rotated 2 T radians (360 °) around the X -axis
= The volume of revolutionis the volume of this solid
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4

YA Your notes
y = f(x)
0' a b T(
YA
= f(x)

ROTATED AROUND
' THE x—AXIS

\

xV

= Becareful - the 'front’ and ‘back’ of this solid are flat
= theywere created from straight (vertical) lines
= 3D sketches canbe misleading

How do | solve problems involving the volume of revolution around the x-axis?

= Usetheformula
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V=7bey2dx /
a

Your notes

= Thisis givenin the formula booklet
= Visafunctionof X
» X=4gandX= barethe equations of the (vertical) lines bounding the area
» If X=4and X = barenotstatedina question, the boundaries couldinvolve the y -axis (
X =0)and/oraroot of y = f(X)
= UseaGDCtoplotthe curve, sketchitand highlight the area to help

= Visualising the solid created is helpful
= Try sketching some functions and their solids of revolution to help

STEP1
If adiagramis not given, use a GDC to draw the graphof ¥y = f(X)
If not identifiable from the question, use the graph to find the limits @ and b

STEP 2
Use a GDC and the formula to evaluate the integral

Thus find the volume of revolution

O Examiner Tip

= Functionsinvolved can be quite complicated so type theminto your GDC carefully
= Whetheradiagramis given ornot, using your GDC to plot the curve, limits, etc (where possible)

can help you to visualise and make progress with problems
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@ Worked example

Find the volume of the solid of revolution formed by rotating the region bounded by the graph of

y= 3x2+2 ,the coordinate axes and the line X = 3 by 2 7T radians around the X-axis. Give your
answer as an exact multiple of TT.

6TerP 1= Use Goc Yo P\d\’ 35‘;(1); ﬂen'\T(‘Ej lim‘.\'g

Ft‘om GOC, g A~
J y* 32+
«— thelice x=3
(IO )‘ 3 2 3¢
bounded by the o _
mor&in?e oxes +a=0, b-3

STEP 2: Use GOC ard Yortma, %na Ndome
ic’ 2
V'l *rrj (.f3x1¥-1) dx = 337
(o]

2\N=33r cobiconye (10w 3¢%)

DEPenAirs o0 makefmode\ of yoor GOC yoou
may or may nal” et oo exac arover

1§ oo ok, g exoludiivg the itegrol
withoot 7 U:u'\' femember 1o pu\* it bock
for vpor written omu:er"_)
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Volumes of Revolution Around y-axis /
What is a volume of revolution around the y-axis? Your notes

= Verysimilarto above, this is a solid of revolution which is formed when an area bounded by a function

y= f(X) (and otherboundary equations)isrotated 2 T radians (360°) aroundthe Yy -axis
= The volume of revolution is the volume of this solid

How do | solve problems involving the volume of revolution around y-axis?

= Usetheformula

V= T[fb)(2 dy
a

= Thisis givenin the formula booklet
= Xisafunctionof y

= the functionisusually giveninthe form y = f(X)

= thiswillneedrearranginginto the form X = g(y)
= Yy=aandy= b arethe equations of the (horizontal) lines bounding the area

» If ¥y = aand y = b are not stated in the question, the boundaries could involve the X -axis (

y=0)and/orarootof X = g(y)
= UseaGDCtoplotthe curve, sketchitand highlight the area to help
= Visualising the solid created is helpful
= Try sketching some functions and their solids of revolution to help
STEP1

If adiagramis not given, use a GDC to draw the graph of ' = f(X)
(orx= g(y) if already in that form)
If not identifiable from the question use the graph to find the limits & and b

STEP 2
If needed, rearrange y = f(X) into the form X = g(y)

STEP 3
Use a GDC and the formula to evaluate the integral

A GDC willlikely require the function written with 'X ' as the variable (not ' ")
Thus find the volume of revolution
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O Examiner Tip /

Your notes
= Functionsinvolved can be quite complicated so type theminto your GDC carefully

= Whetheradiagramis given or not, using your GDC to plot the curve, limits, etc (where possible)
can help you to visualise and make progress with problems
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@ Worked example /

Your notes
Find the volume of the solid of revolution formed by rotating the region bounded by the graph of

y= x3 + 8 and the coordinate axes by 2Tt radians around the ¥ -axis. Give your answer to three
significant figures.

CTEP \: USG GTX:+0 P\G’f SZST(SC); ded‘ﬁ%jj ‘\m-’fg

From GOC, o
y
J y- x3+8

EY to'\

it 2020, b8
step 2 Reatange yzﬂx) into x=gy)

y: x3+3

x3=y-8

s IgE
STEP 3: Use GOC ard Yormila, fiod Vdome

Vo] (077 & (Gpecs WB T on co0)

\= 60-3\8 57 ...

V=603 cdbic umite (3eF))
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